The findings in this report are not to be construed as an official Department of the Army position, unless so designated by other authorized documents. 1 .
Introduction and Notation.
An inequality involving a class of functions for weak martingales and nonnegative weak submartingales is proved. Three special cases are deduced, one of which generalizes and refines a result of Austin (1966) . As an application of the inequality, the special cases are used to give easy proofs of Burkholder's (1966) L log L and L (for 1 < p < 2) inequalities for the square function of a martingale or a nonnegative submartingale. Although the inequality and the special cases are proved for weak martingales and nonnegative weak submartingales, they are also new for martingales and nonnegative submartingales.
Weak martingales and weak submartingales were first defined in Nelson (1970) . Examples of these can be found in Nelson (1970) and Berman (1976) . For ease of reference, we give the definition here.
A sequence f = (f.,f p ,...) defined on a probability space is a weak martingale (or weak submartingale) if f is integrable and We first derive an identity.
Lemma 2.1. Let cp be a differentiable function whose derivative cp' is an indefinite integral of cp" such that qp(0) = cp' (0) = 0, cp" is a nonnegative and even function, and such that for n > 1, f cp' (f ) is
x < 0, i > 1. Then for n > 1, c P(f n ) ^s integrable, and
where equality holds in the weak martingale case. Furthermore for i > 1.
Proof. Since the proof of (2.2) is easy, we omit it here. Since rx /-x cp(0) = cp' (0) = 0, we have cp 1 (x) = / cp"(t)dt and cp(x) =/ cp'(t)dt. Jo . J 0 It follows that cp» is an odd function and cp an even function.
The Integrability of cp(f ) then follows from that of f cp' (f ). We also need the integrability of d.cp' (f. ,) for i > 1. Since cp" > 0, cp' is nondecreasing. Therefore and f. |cp' (|f. | )l(|f. n | > |f. |) < |f. , |cp' (|f. _ | ) .
This implies the integrability of d.cp' (f. .. ). We now derive (2.1).
In the weak martingale case, the left hand side of (2.1) is equal to
In the nonnegative weak submartingale case, cp' (f, _ ) is nonnegative and (2.4) holds with the first equality replaced by " > ". Now cp" > 0. So we may reverse the order of the doubly integration in (2.k). By this, the extreme right hand side of (2.k) yields n /»oo
and the lemma is proved.
In the case where f is a martingale or a nonnegative submartingale, let T be a stopping time. By replacing f in (2.1) by the stopped martingale or nonnegative submartingale f , we obtain <p"(t)dt = i|r(x) and cp(x) = cp'(t)dt. Then the inte-0 J 0 grability condition in Lemma 2.1 is satisfied and the lemma immediately yields BT(f)lr' (f*) < 2Bp(f_) < 2E|fJ*(|fJ ) < 2 sup EJfJ + (|f_I ) n nnn n -^ n n where the second inequality follows from (2.3). By letting n •* oo and applying Fatou's lemma, the theorem is proved.
We now deduce from (2.6) three special cases. 
3.
Applications.
In this section, we use Corollary 2.1 to give easy proofs of Burkholder's 1 log L and L (for 1 < p < 2) inequalities for the square function of a martingale or a nonnegative submartingale.
These inequalities were first proved by Burkholder (1966 Proof. We shall use the following inequality which dates back to Young (1913) . It can also be found in Doob (1953) .
a log b < a log a + be for a > 0 and b > 0. This proves the theorem.
The absolute constants in (3.1) and (3.^) seem to be the lowest ever obtained. In (3.^)^ the order of magnitude of the constant as p -> 1 is the same as that obtained by Burkholder (1973) .
